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Abstract. A SU(2) effective Lagrangian is extended to a SUL(3) ® SUgr(3) by including the vector and
axial vector meson. With this effective Lagrangian, electromagnetic form factors of charged pion and kaon
are calculated in both time- and space-like regions. The pseudoscalar meson loops are taken into account.
Good agreement with experimental data is obtained for those form factors and charged pseudoscalar meson
radii. Decay widths of p — w7 and ¢ — K"K~ are also calculated and shown to agree with experimental

data very well.

PACS. 12.39.Fe Chiral Lagrangians — 12.40.Vv Vector-meson dominance — 13.40.Gp Electromagnetic

form factors — 14.40.Ev Other strange mesons

1 Introduction

At energy below 1 GeV, the vector meson plays an im-
portant role in electromagnetic interactions of the hadron.
The vector meson dominance model (VMD) has been
proved remarkably successful in the description of electro-
magnetic form factors and decays of the hadron, although
it is a phenomenological approach. Many approaches, such
as the hidden gauge symmetry approach (HGS) [1], the
massive Yang-Mills approach (MYM) [2], and so on, have
been developed to include the vector meson in a funda-
mental manner. By taking higher-order terms into ac-
count, redefining suitable field and adjusting parameters,
all of the model can be shown to be equivalent [3]. How-
ever, a simple addition of higher-order terms is not a con-
venient method for those calculations. In our previous pa-
per [4], we have proposed an effective chiral Lagrangian for
the description of vector and axial-vector mesons by con-
sidering all the relevant symmetries and the low-energy
constraints from chiral perturbation theory (ChPT). In
that paper, relevant experimental data are reproduced
with only mass terms and kinetic terms of spin-1 me-
son fields. The spin-1 mesons are introduced in the non-
linear realization of chiral symmetry, with which it is easy
to check consistency with chiral perturbation theory. In
constructing our model Lagrangian, we have stressed sim-
plicity. Only mass terms and kinetic terms of spin-1 me-
son fields are necessary to meet experimental results. In
some approach, such as O(p*) expansion of ChPT, £, La-
grangian gives loop contribution as well known [5], which
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helps a good phenomenological description. But our effec-
tive Lagrangian theory, which is aimed for large energy
process, uses O(p?) expansion because most of the higher-
order contributions in other approaches are incorporated
by a single change in the kinetic terms of vector field with
only one parameter in our model. Since full reviews con-
cerning effective theories and their relationships to other
approaches can be found in other papers [2,3], we skip
them here.

In this paper our previous Lagrangian, with a brief
summary, is extended to SU(3) in section 2. In section 3,
the electromagnetic pion and kaon form factors and some
related decays with this Lagrangian are presented with
detailed discussions. A brief summary is done in the final
section.

2 Lagrangian

Our Lagrangian consists of a pseudoscalar meson sec-
tor L(), a spin-1 vector and axial vector meson sector
L(V,A), and a term of interactions with scalar particles
L, which comes from mass splittings in SU(3) extension,
i.e.,

L =L(n)+L(V,A)+ Ls. (1)

The Lagrangian for the pseudoscalar meson sector, which
is a leading Lagrangian of the ChPT, is given as
f? f?
L(r) = Z(D“UTDMU) 1 I<UTX +x'U) , (2)
DU =0,U —i(vy+ a,) U + iU (v, — ay) , (3)
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where bracket denotes a trace in flavor space, f is a
pseudoscalar meson decay constant, chiral field U =
exp(i2n/f) with # = T%*, T® = X\*/2 (a = 1,2,...8).
External gauge fields are introduced via v,, and a,. The x
is defined by x = 2By(S + iP). Explicit chiral symmetry
breaking due to current quark masses can be introduced
by treating those masses as if they were uniform external
scalar field S [3].

Under alocal SU(Ny)xSU(Ny) gauge transformation,
U— gRUg]t, x and D, transform as U does. The above
Lagrangian is invariant, provided that the external gauge
fields transform as

Up + @y — gr(vy + au)ngK — 10 9R - 911-; )
U — ap — gr(v, — “u)gli — 10ugL, - in )

S+iP — gr(S+iP)g . (4)
The non-linear realization of chiral symmetry is expressed
in terms of u = VU and h = h(u, gr, gr,) defined from
u — gruhl = hug{. In this realization, we naturally have
the following covariant quantities:

iy, = %(ufﬁﬂu + ud,ul)

1
+§UT(Uu + ap)u+ 5“(”# —a)ul
iA, = %(uTauu — ud,ul)

1
—|—§UT(1)M +a,)u — §u(vu — au)uT ,

X+ = ulxul +uxu

()

whose transformations are carried out in terms of h, i.e.,
I, — hI,ht —0,h-hT, A, — hA,RT, and x4+ — hy4hl.
With these quantities, the Lagrangian in eq. (2) can be
rewritten as

2

L) = Padid®) + i), (©

As for the massive spin-1 mesons, we include only the mass
and kinetic terms [4]

£V, 4) = (Vi = EP) 1 (4 - TP
1 2 1 2
_§<(GVIMI) > - §<(A,U,l/) > (7)

with

Vo = 0,V — 9,V
Ay = 0,A, —9,A,

—ig[V,, V| —iG[A,, AL,

- Zg[V,ua AV} - Zg[A,ua Vl/] 3 (8)
where V,, = T*V(A, = T*Af,) denotes spin-1 vector
(axial-vector) meson field and g denotes a Vrm coupling
constant. The chiral transformation rules of spin-1 fields
are expressed in terms of h

V, — hV,hl — éauh W, A, — hA,hT 9)
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Note that we have introduced a new form of GVW. The
chiral symmetry is preserved for any value of G at chiral
limit in GVW, so that the value of G cannot be determined
from the chiral symmetry. If G is equal to g as in the HGS
approach, the result may reproduce experimental data by
including other higher-order terms.

The L term is introduced in the following way. It con-
siders effects coming from mass splittings of strange and
non-strange particles in terms of interaction Lagrangians
between scalar particles and other mesons (pseudoscalar,
vector and axial-vector mesons). In the presence of the in-
teraction, scalar particle field S satisfies the Klein-Gordon
equation 89,,0"S + MsS? = —28J, where SJ is a source
term for the S-field due to the interaction. If we assume
that the kinetic term of the scalar particle is small enough
to be neglected because it is massive [18], and integrate
out the S-field from the generating function,

Zsz/dS eXp(/[MS(S—i— ]\‘;5)2_%])7

(10)

the resulting Lagrangian is expressed as follows:

1

1
La= 3t = 3% 4 2acd 4 ) (11)
where
J/ = (J* Jvac) =
M, 2B
S (WM o+ M 2mM) 4 M

Jj= Sd(iAM>2 + SV(QVM - iFM)Q + SA(!]AM - irAH)Q
+s.{iA", gA, —irA,},

Jeae = My$pBoM . (12)

Here M is the current quark mass matrix (we assume that
masses of u and d quarks are equal), which is given as

D
M, = 2Bo(-—a + ),

23

D m, fora=1,2,3
Ca+p3= %(m—kms), for a =4,5,6,7 (13)
2V3 3(m 4 2my), fora =8.

By is a constant related to the scalar quark condensation.
j stands for the interaction, on which s4, sy, sa, s., and
Sm are free parameters. It should be noted that the above
Lagrangian consists of an interaction between scalar and
pseudoscalar (MgmM...), scalar and vector mesons (Msj),
and contributions from the vacuum (MgBoM). In eq. (11),
we only consider the terms with double and triple field
products, so that we can write down L, as follows:

1 s,

Y a 1 -q
Ls~ —5(7)2(1‘4)3(” )? + 55mMaj®, (14)

where M2 = +(2Boa)?0s, + M2.

a
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2.1 Mixings

There are some unphysical mixings in the Lagrangian,
which can be removed by field redefintion. First, let us
consider a nonet mixing. For vector bosons the nonet sym-
metry is good more or less. To simplify the calculation, we
use this symmetry i.e., w and ¢ mesons are written as [11]

2 1 1 2
w#:\/;wm—k\/;Vf, ¢H:\/;w#1—\/;l/f. (15)

For the mixing between axial vector mesons and pion
fields, we define A4, as
A=A

— —0,m. (16)

!/

"ogf
Through this field redefinition, a new term which is not
renormalizable appears in the kinetic part. Therefore, in
order to keep the kinetic terms the same as before under

this field redefinition, we also redefine the vector meson
field as follows [7]:

Vo1 Gr?
=

b c
w 2922 Jabem™ Oy "

(17)

Finally, we consider the mixing between the vector meson
and a photon field. The photon field enters through the

external vector field v, = eQA}", where ) = T3 + %
The unphysical mixing related to the photon field can be
removed by the following field and charge redefinitions [8,
9]:

’ 6/ ’
Vi Vit QAT

Aem Aem' 1— f 2
14 - 12 2 Q )
g

2.2 Effective Lagrangian

In expanding our Lagrangian, we choose only the pho-
ton, pseudoscalar meson and vector meson parts. The La-
grangian is, then, simply summarized as

1
L= gmi,VuV"
2 2

Myq _ G_?" a, _bau,_c
+2gfg(1 g )fabcvllﬂ- 5 Y
+6QfabcAZ7rb(9”7rc

1 1
*Z(auvv - 5‘,,V#)2 - Z(auAV - avAu)z
f%(a#v,, —0,V,) (0" A¥ — 9" AM)

a, . .a 1 a a

—imiaﬂ T+ iaﬂw oHr, (18)

271

where m%,, = ¢*(f& + smsyM,) and V,, and A, stand for

the redefined fields V;: and Azm/. In order to determine
pseudoscalar meson mass and decay constants, we exploit
the following covariant quantities:

Mo = (Mot CPPML) By fo=Zraf
: M,
with Zﬁa:(lJrsmde). (19)

Mass splitting between non-strange particles and
strange particles is generated from the interaction of these
fields with a scalar field which is given by eq. (14).

2.3 Comparison with ChPT

For processes with small momentum transfer, massive
degree of freedom can be integrated out leaving an effec-
tive Lagrangian of pions and external fields, which can be
compared with the Lagrangian of ChPT. By this compar-
ison, we can check consistency of our Lagrangian at low
energy.

To the order we consider, we can integrate out massive
degree of freedom by replacing the massive fields by their
zeroth-order solutions:

1
V,— —il,,
M g ©
A, — Zia,. (20)
g

Then the resulting effective Lagrangian has the form

L= L(n)
b o (T + 17618 BIP) + 2 (AR) (21
with
APV = QRAY — Y AR 4 [TH, AY) — [TV, AY]
= 5 Fe— R,
I = QrTY — 9V TH 4 [T*, T
= —[an A - (e Fe - eFpve) (22)
and
FI"% = 9" (0" Fa¥) — " (v F a¥)
—i[v" F a”,v” F a”]. (23)

For easy comparison, we list the contributions to the co-
efficient of L4:

1
Ly = 5247 (1-Gr*)?, Ly =2LY, Ly = —6LY,
Lv_il_GQQLV__LHV_lLV
9_4g2( %)% Lig = 4% 1= 5ti0
r? 1
AlAO = Ea iA = _iL?Ov (24)
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which are equivalent with Ecker et al.’s expressions (egs.
(5.6) and (5.9) of ref. [6]) with the following correspon-
dence of parameters between the two formulas:

(25)

where Fy,Gv, Fa, My ~ my and My >~ ma are the pa-
rameters introduced by them.

3 Pion and kaon electromagnetic form factor

The pion form factor in the time-like region is dominated
by the p-meson resonance. Similarly to the pion the kaon
form factor is influenced mainly by the ¢-meson. But the
contribution of p-w meson mixing is also important. With
the effective Lagrangian in section 2, we improve the anal-
ysis of both form factors. The pseudoscalar meson loops
are also taken into account.

3.1 The p-meson self-energy

From the effective Lagrangian, the V-7 interaction term
(the 2nd term in eq. (18)) generates a vector current of
pion as

JE g =i(rtotnT — T ok (26)

This coupling to the p-meson field produces the self-energy
as shown in fig. 1, which is calculated as

—JJTHY —
ZH - gp‘n'Tr

5 / d* (2p —9)"(2p — @) (27)

(2m)* (p* —m3 +ie)((p — q)* — m3 +ie) |

The p-meson coupling to a conserved current implies that
the self-energy is transverse, i.e.,

QMHWJ(Q) = QVH#V(Q) =0.

(28)

This property, combined with Lorentz invariance, uniquely
determines the tensor structure of the self-energy

q"q”

" = (—g" + ?)H(QQ)' (29)
The full propagator of the p-meson is then given as
1 ¢’ 1 ¢"¢”
D = —gh” 30

Here, the bare p-meson mass, ni,, is introduced so that
its physical mass is given by
(@® = m3)]. (31)

Since the full propagator of the p-meson is given by eq.
(30), the p — 7w decay width at resonance is given as

—ImIT,(¢* = mf,)/mp. (32)

mip = mi + Relll,

Fpﬂﬂ"ﬂ' =
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Fig. 1. p-meson self-energy.

3.2 Regularization

To calculate the self-energy of fig. 1, we use a Pauli-Villars
regularization method [10]. The regularized self-energy is
given as

v (q) = 11" (q, mx)

-2 Bill" (g, A
Once the fictitious higher masses A; are fixed, the coeffi-
cients B; are determined by requiring that the self-energy
be finite. Since this term, in its unregularized form, is
quadratically divergent, we need two subtractions and ob-
tain

(33)

A3 —m?2 A3 —m?2
By = /12 /12 , B2 = AQ /12 : (34)
Then, from the conditions that A5 goes to infinity and A
is fixed to 1 GeV, the regularized self-energy is obtained

as follows:

g
H _ pTT 2
Re[ll] = =51 1
A
< (0(auma) — G0 ) + 4042 w2y 42
9
17 = _Jerm 2
Im{11] 481
4m 41?2
(-2 g am2) - (1- D)o aa))
(35)
where
2 2 -
4m7r 3/2 s
G = Z -1) / arctan( 2 -1 ),
0<qg°<4dm
4m?2
1 4 A/ —=~ —1+4+1
= —5(1— =F)2m L 7
q ami 1 _q
q2
4m72T <q¢, ¢#<0

3.3 Renormalization

We consider a p-meson renormalization process. Expand-
ing the transverse part of the p-meson propagator around
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Fig. 2. Feynmann diagram of pion form factor with self-energy.

the physical mass m,, we have

1 VA
~ 36
¢* —m2—1I,(¢*)  (¢>—m2)— iZImIl,(¢?)’ (36)

where Z is a renormalization constant given by

d -1
Z=(1- d—qZRer(qZ) (q2=m2) ) - (37)

Here we introduce a bare coupling constant g,r» which is
related to the physical coupling constant g,r» by Gprr =
Zl/zgpm. With the condition Z = 1, which means that
the real part of the self-energy is completely absorbed by
shifting the bare mass 711, to its physical value m, with the
coupling constant g, left unaltered, we can determine a
new condition

d
—RGHP |(q2:m§): 0. (38)

dg?
In order to satisfy this condition, we need to add an arbi-
trary constant term c,q? in the real part of the self-energy,
where ¢, is given by

 5.7T4(g — Gr?)?

g 4

p (39)

3.4 Pion electromagnetic form factor

The electromagnetic pion form factor is defined by the

following matrix element:
(E(RTE0) 7™ (R)) = £(k + K)uFr(¢?). (40)

The leading term of F,(g?) obtained from L., L.y, (3rd

and 5th terms, respectively) in the Lagrangian, is ex-
pressed in the following way:

2
F(o) 2 —1— gpmr q
2 (q) g qum%Jrimpr

, (41)

where g is a bare coupling constant which does not con-
sider the loop effect. m, and 71, are means of p-meson and
bare p-meson, respectively. The relation of both masses is
given by eq. (31).

Introducing the pr7 self-energy in fig. 2, we obtained

2
prm q 17
Fﬂ— 2 -1= P P
(") g C—m2—1II, ¢ —m2—1,
2
:ligpﬂ'ﬂ q (42)

9(q?) ¢ —m2 =1,
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Fig. 3. p-meson decay.
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Fig. 4. Pion electromagnetic form factor in the time-like re-
gion: solid, dotted and dashed lines represent eqgs.(45), (42) and
(41), respectively. Here ¢ means +/q?.

Note that not only the p-meson propagator, but also
~-p coupling is modified by the pion loop as shown in fig. 3
as follows:

eq? eq? ell
s T} (43)
9(q?) g Gprr

The constant g determined from the experimental
p — ete” decay width should be compared with
Re[g(q2)]q2:m§. Using Re[g(qQ)]qzzmg and experimental

results of I'l,_,;r, we find g and 8 = Gr? values. When g
is 5.36 and 3 is 0.32, gprr goes to 6.037. Under universal-
ity (gpr= = gpy) used in the VMD model, the prediction
of the pion form factor is underestimated compared to the
experimental values. Brown et al. [13] allow its violation,
i.e. gprr/gpy = 1.2 by considering the intrinsic size due to
the vector meson. In the papers, for example of Brown [13]
and Klingl [12], this contribution is attributed to those of
vector mesons, which are incorporated by the gauge fields
in the hidden gauge symmetry approach, while in this pa-
per these fields are introduced explicitly using the non-
linear realization of the chiral symmetry exploited origi-
nally by Weinberg.

Using egs. (31) and (32), we also find physical mass
and decay width:

mpp RT71MeV, I, -~150MeV, ni,~808 MeV. (44)
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Fig. 5. Pion electromagnetic form factor in the space-like re-
gion.

Finally, the inclusion of p-w mixing turned out to give
another factor to eq. (42) in the following way:

2

Gprr q
Fr q2 =(1- 5
() =t g(qz)qQ—m,%—Hp)
g(q2) Zpw
1 ) 45
x(1+ 0 q2—m£—z‘mwa) (45)

The w-meson width I, = 8.4MeV is used and the
mixing parameter z,, = —4.52 x 1073GeV? from ref.
[12] is also exploited. The corresponding optimal result
for Fr(¢?) compared with experimental data [15] is shown
in fig. 4. The dashed line plots eq. (41), which corresponds
to the VMD model prediction. The dotted line plots eq.
(42), i.e. one-loop correction is included, while the solid
line represents eq. (45) in which the p-w mixing contribu-
tion is taken into account.

The form factor in the space-like region (¢? < 0) is also
given in fig. 5. Our approach gives a good agreement with
the experimental result [14]. The squared pion charged
radius becomes

dF,
<T72r> = 6dq2 ‘q2:0
2
6 Gorntn— Jpntn— Al
“weC g et e G
14 s
= 0.447 fm?. (46)

Using the constants determined before, eq. (46) yields
a good agreement with the experimental value (r2) =
(0.44 4+ 0.01) fm?. From KSRF relation T'nf) = Zggm 2,
the mean square radius of the pion becomes

(r2) = (L)2 ln(A—%) + const (47)
T My mZ '

Therefore, in the chiral limit (m, — 0), the pion radius di-

verges logarithmically, which is consistent with ChPT [12].
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3.5 Kaon electromagnetic form factor

The electromagnetic form factor of a charged kaon is also
defined by

(KE(DITm ()| K (k) = £(k + K Fre(¢®).  (48)
The leading behavior of Fg(g?) is obtained just by tran-
scribing the previous formalism developed for F(q?) in
eq. (42) and replacing the p-meson by the ¢-meson and

the pion loop by the kaon loop. It leads to yield the fol-
lowing result:

Fre( 2) _ 1+£9¢K+K* 7 I H¢HK+K*
K 3 g @-md-I, £-md- 1,
294K+ K- 2
_ o V29 L (49)

3 9(®) ¢@—mi—1Is’

where the ¢-meson self-energy has the contributions not
only from K+ K~ but also from KK, i.e.,

H¢:H¢_>K+K— +H¢—>K%Kg . (50)

The photon coupling of the ¢-meson is also modified

by means of the charged kaon loop including the renor-
malization

1 1 3 I, e+
= _+_&K2, (51)
96(¢*) 9 V2 ger+r-q

Considering the additional contributions of both p-meson
and w-meson, we obtain the final form of the charged kaon
form factor

N \/§9¢K+K* 7
Frl@) =1+ 96(4?) ¢* —m3 — 11,
Jprt K~ g
- 9p(q®) q* =g —1II,

A9kt K ¢’

. 2
3 gu(q?) ¢ —m2 — 11, (52)

Figure 6 shows the charged kaon form factor at the
time-like region compared with experimental data [16].
Here the coupling constant Re[g¢(q2)] is approximately
6.5; and the physical ¢-meson mass and the ¢ — KTK—,
¢ — KgKg decay widths are given by

mgp ~ 1019 MeV, 1y ~ 940 MeV,
Tygerr- ~232MeV, Iy oo ~ 1517 MeV.

The kaon form factor in the space-like region ¢® < 0 is
shown in fig. 7. The final inclusion of the p- and w-meson
contributions successfully reproduces the experimental re-
sults [17]. The calculation of the mean square radius of
the charged kaon is also successfully performed with the
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Fig. 6. Kaon electromagnetic form factor in the time-like re-
gion. Here ¢ means /¢2.
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Fig. 7. Kaon electromagnetic form factor in the space-like
region.

p- and w-meson contribution

dF
(i) = 64z lar=o

6 9ortK 9k K Ay

o m,%( g CoK + 2472 mK))
2

6 49 KtK— g Kt K Al

- (Zw — Cy w 1 -
oz, Cote + =5 MG0))

2

— i(\@%fﬁK* _ Yot ﬁ))

mi 3 g 2472 mi
=0.332fm?, (53)

where ¢,k , ok and cggx determined from the renormal-
ization condition eq. (38) are c,x = 0.0308, ¢, x = 0.0175
and cgx = 0.171. This value agrees well with the experi-

mental value [17]
(rk.) = (0.34 £ 0.05) fm*. (54)

As in the pion case, in the chiral limit, the mean squared
radius of the charged kaon also diverges logarithmically.
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Finally, the neutral kaon mean square radius is ex-
plored. It is obtained from eq. (53) replacing the K K
coupling by KY K g. The sign for the p-meson contribution
is changed as IpKYKY = TYprtK- = 0.201, while the
¢-meson contribution remains as IoKOKS = gt~ =
—4.72. But, from nonet mixing, the w-meson contribution
in the case of neutral kaon is different from that of the
charged kaon as follows:

(mj+md)  fuk
gw + - = 1 — = 151,
oK oz g
(m3 —m2) = Buk
= ]_ — = .1 .
JuKQ KY 4gf2 ( g ) =0.17 (55)

These constants play an important role in understanding
the mean square radii of both neutral and charged kaon.
The final form of the mean square radius of the neutral
kaon is given as

dFy
<7"K0> = d—q2‘q2:0
6 nggKg nggKg Ay
= (=S _ 2P Ts
mg( Corc0 = “gpmz ()
6 490,}}{2]{% ng%Kg Al
— (= =LTS ZERLES 1n (=
MR At R Cor® T g M)
6 (\/§Q¢K2Kg . giKgKg A )
_ O (VEIRL K o — KRR 4 (AL
mi3 g YT urr g
= —0.0549 fm? . (56)

The different role of the intermediate w-meson contribu-
tion to K perfectly reproduces the empirical value [19]

(r?) = (—0.054 £ 0.0026) fm? . (57)

4 Conclusion

We extended a chiral effective Lagrangian by including
the vector and the axial-vector mesons as well as pions to
SUR(3)®SUL(3). The meson fields are introduced through
the non-linear realization of chiral symmetry, which pro-
vides an easy way of imposing consistency with the ChPT.
In order to have mass splitting of strange and non-strange
particles, the interactions between scalar mesons and each
meson, i.e, vector, axial-vector, and pseudoscalar mesons,
are taken into account.

For the phenomenological side of this Lagrangian, pion
and kaon electromagnetic form-factors and some related
decays are calculated. In the process of calculating, our ef-
fective Lagrangian is shown to give a good agreement with
experimental data without considering the effects from the
higher orders in other effective theories.

This work was supported in part by the Korea Research Foun-
dation.
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